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A Randomized Saturation Design

Sample divided into C non-overlapping clusters of
size n.
•Stage 1: Assign treatment saturation πc to
cluster c = 1, ..., C.
• πc ∈ Π ⊂ [0, 1] (Π finite).
• f ∈ ∆(Π) specifies probability of each saturation.

•Stage 2: Assign treatment Tic ∈ {0, 1} to
individual i = 1, ..., n in cluster c.
• πc specifies probability of treatment, P (Tic = 1|πc) = πc.

• Tc ≡ {T1c, ..., Tnc} vector of treatment assignments.

Three possible treatment outcomes.

•Treated: {Tic = 1}
•Pure Control: {Tic = 0, πic = 0}
•Within-cluster Control: {Tic = 0, πic > 0}
Let ψ ≡ f (0) be share of pure control individuals.

Structure of Interference

Observed outcome
Yic ≡ Yic(Tc)

where response function Yic(·) : {0, 1}n → Y maps
treatments into potential outcomes in Y .
Assumptions.
1 Relax SUTVA within clusters, maintain across
clusters (implicit).

2 Peer exchangeability: peer treatment assignment
within cluster exchangeable wrt distribution over
ic’s outcome.

3 Random effects error: εic = vc + wic, where
common cluster component vc ∼ (0, τ 2),
individual component wic ∼ (0, σ2) and (vc, wic)
orthogonal to Tc.

References

Aronow and Samii (2015), Graham, Imbens and Ridder (2008),
Hudgens and Halloran (2008), Manski (1993), Manski (2013),
Tchetgen-Tchetgen and Vanderweele (2010).

Goal: formalize the design and analysis of randomized saturation
experiments.

Motivation
•Spillovers are important for policy and theory.

• Finding meaningful treatment effects but failing to
observe deleterious spillover effects leads to misconstrued
policy conclusions (i.e. job training, sexual behavior).

• Positive externalities may lead to cost effective treatment
saturation < 100% (i.e. vaccinations, bed nets).

•Randomizing treatment saturation identifies
spillover effects on treated and untreated
individuals.

• Identification comes at a cost: statistical power.

Results
•Formalize design issues in RS experiments.
•Define estimands identified by RS experiments.
•Provide closed-form expressions for minimum
detectable effects of these estimands. This
quantifies power loss.

•Derive properties of the optimal RS design
(selection of saturations, control group size and
treatment group sizes).

Defining Treatment & Spillover
Effects

Individuals offered treatment experience a direct
treatment effect and spillover effect.
•Treatment on the Uniquely Treated:

TUT = E(Yic | Tic = 1, πc = π)−
E(Yic | Tic = 0, πc = 0),

where π := 1/n.
•Spillover on the Treated:

ST (π) = E(Yic | Tic = 1, πc = π)−
E(Yic | Tic = 1, πc = π).

• Intention to Treat:
ITT (π) = TUT + ST (π)

Individuals not offered treatment only experience a
spillover effect.
•Spillover on the Non-Treated:

SNT (π) = E(Yic | Tic = 0, πc = π)−
E(Yic | Tic = 0, πc = 0).

True effectiveness of program measured by total
causal effect on treated and untreated individuals.
TCE(π) = E(Yic | πc = π)− E(Yic | πc = 0)

= πITT (π) + (1− π)SNT (π).

Pooling observations across all clusters yields aver-
age, or pooled, effects, which are weighted sums of
effects at each saturation.

Optimal Design: Pooled Effects

Estimation.
Yic = β0 + β1Tic + β2Sic + εic (1)

Estimating (1) on RS design with pure control and
one interior saturation identifies pooled ITT (β1),
SNT (β2) and TCE (doesn’t identify TUT or pooled ST).

Minimum detectable effect (MDE) depends on:
•Size of treatment and control groups.
•Within-cluster variation in treatment status.

Properties of Optimal Design (τ 2 > 0).
•Partial population design
Fix ψ. RS design Π = {0, P} for some P > 0 jointly
minimizes MDE for pooled ITT and SNT.

•Saturation P = 1/2
Fix ψ. RS design Π = {0, 1/2} minimizes sum of MDEs for
pooled ITT and SNT.

•Control size depends on τ, σ and n
Control ψ∗ ∈ (.41, 0.50) minimizes sum of MDEs for pooled
ITT and SNT.

Optimal Design: Slope Effects

Want to measure change in spillover effect between
π1 and π2,

δT = (ST (π1)− ST (π2)) / (π1 − π2)
δS = (SNT (π1)− SNT (π2)) / (π1 − π2)

Estimation.
Yic = β0 +

∑
Π\{0}

β1πTic ∗ 1{πc=π} + (2)
∑

Π\{0}
β2πSic ∗ 1{πc=π} + εic

Estimating (2) on RS design with two interior satu-
rations identifies δT and δS (three or more interior satu-
ration required to identify non-linear slope effects).

Minimum detectable slope effect (MDSE): smallest
change in spillover effect wrt π distinguishable from
zero (analogue of MDE for spillover effects). Depends on:
•Size of each saturation group.
•Distance between saturations.

Properties of Optimal Design.
•Saturations symmetric around 0.5
Fix f (π1) = f (π2). RS design Π = {π, 1− π} where
π ∈ (0, 0.5) minimizes sum of MDSEs for δT and δS.

•Optimal saturations depends on τ, σ and n
Saturations π∗ ∈ (0, .15) and 1− π∗ minimize sum of
MDSEs for δT and δS.
• If τ = 0, then π∗ = 0.15 for all (σ, n).
• π∗ is decreasing in τ and n, and increasing in σ.
• Asymptotically, limn→∞ π

∗(n) = 0 for all (σ, τ ).

Design Tradeoff: MDE vs. MDSE

The MDSE is decreasing in the distance between
saturations while the pooled MDE is increasing.


